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EQUIDISTRIBUTION SPEED FOR FEKETE POINTS ASSOCIATED 
WITH AN AMPLE LINE BUNDLE 


TIEN-CUONG DINH, XIAONAN MA, AND VIET-ANH NGUYEN 


Abstract. Let K be the closure of a bounded open set with smooth boundary in C". A 
Eekete configuration of order p for AT is a finite subset of K maximizing the Vandermonde 
determinant associated with polynomials of degree < p. A recent theorem by Berman, 
Boucksom and Witt Nystrdm implies that Eekete configurations for K are asymptotically 
equidistributed with respect to a canonical equilibrium measure, as p —^ oo. We give here 
an explicit estimate for the speed of convergence. The result also holds in a general setting 
of Eekete points associated with an ample line bundle over a projective manifold. Our 
approach requires a new estimate on Bergman kernels for line bundles and quantitative 
results in pluripotential theory which are of independent interest. 

Classification AMS 2010: 32U15 (32L05). 

Keywords: Fekete points, equilibrium measure, equidistribution, Bergman kernel, 
Monge-Ampere operator, Bernstein-Markov property. 

Resume. Soit K I’adherence d’un ouvert borne a bord lisse dans C"^. Une configuration de Fekete 
d’ordre p pour K est un sous-ensemble fini de K qui maximise le determinant de Vandermonde 
associe aux polynomes de degre < p. Un theoreme recent de Berman, Boucksom et Witt Nystrom 
implique que les configurations de Fekete sont asymptotiquement equireparties par rapport a une 
mesure d’equilibre canonique quand p ^ oo. Nous donnons ici une estimation precise de la 
vitesse de convergence. Le resultat est aussi valable dans un cadre general des points de Fekete 
associes a un fibre en droites ample au-dessus d’une variete projective. Notre approche necessite 
une estimation nouvelle sur les noyaux de Bergman pour les fibres en droites et des resultats 
quantitatifs de la theorie du pluripotentiel qui sont d’interet independant. 

Classification de I’AMS 2010 : 32U15 (32L05). 

Mots-cles: points de Fekete, mesure d’equilibre, equidistribution, noyau de Bergman, operateur 
de Monge-Ampere, propriete de Bernstein-Markov. 
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Notation. Throughout the paper, L denotes an ample holomorphic line bundle over a 
projective manifold X of dimension n. Fix also a smooth Hermitian metric on L whose 
first Chern form, denoted by uq, is a Kahler form. For simplicity, we use the Kahler metric 
on X induced by uq. The induced distance is denoted by dist. Define ;= ||a;g ||“^ci;q 
the probability measure associated with the volume form cjq . The space of holomorphic 
sections of := the p-th power of L, is denoted by iT°(X, L^). Its dimension is 
denoted by Np. The metric induces, in a canonical way, metrics on the line bundle 
LP over X, the vector bundle of the product x ■ ■ ■ x (Np times) over X^p, and the 
determinant of the last one which is a line bundle over X^p and denoted by {Lp)^^p. For 
simplicity, the norm, induced by ho, of a section of these vector bundles is denoted by | ■ |. 

A general singular metric on L has the form h = e~‘^'^ho, where V’ is an integrable func¬ 
tion on X with values in M U {±cxd}. Such a function i/j is called a weight. It also induces 
singular metrics on the above vector bundles, and we denote by | ■ {p^p the corresponding 
norm of a section of or the associated determinant line bundle over X^p . This is a 
function on X or X^p respectively. If X is a subset of X, the supremum on K or K^p 
of this function is denoted by || • \\l°°{k,piP) or || ■ Its or L‘^{ij,^^p)-norm 

is denoted by || ■ Wi^^p^p^p) or || • ||L 2 (^®iVp where p is a probability measure on X. We 
sometimes drop the power Np for simplicity. In the same way, we often add the index 
or “pi/’”, if necessary, to inform the use of the weight i/j for L and hence pi/j for L^. 

The notations pp{p,(j)), ^p{p,(j)) will be introduced in Subsection 12.31 
Blip, 0), Cp{K, 0), Cpip, (/>), SeqiK, (/>) in Subsection [STH and h), >V(0i, 02), 

Cp, VpiK,(j)) in Subsection 13.21 Let B(x, r) denote the ball of center x and radius r in 
X or in an Euclidean space. Similarly, D(a;, r) is the disc of center x and radius r in C, 

Dp := D(0, r) and D := D(0,1). The Lebesgue measure on an Euclidean space is denoted 
by Leb. The operators and dd^ are defined by 

d^ := - d) and dd^ := ^^dd. 

For m e N and 0 < a < 1, is the class of functions/differential forms whose 
partial derivatives of order m are Hdlder continuous with Hblder exponent a. We have 
(^m,a ^ c^m+a gxcept for 0 = 1. We use the natural norms on these spaces and for 
simplicity, define || • \\m := 1 + || • \\<ffrn and || • \\m,a := 1 + II • Denote by Lip the 

space of Lipschitz functions which is also equal to and by Lip the space of functions 
V such that (x) — v{y)\ < — dist(x, y) logdist(a;, y) for x, y close enough. We endow the 
last space with the norm 

II'^IIlIp ll'^lloo+iiif {A > 0 : \vix)—viy)\ < —Adist(x,p) logdist(x,p) if dist(x,p) < 1/2}. 
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A function (/> : X —)■ M U {—cxd} is called quasi-plurisubharmonic (quasi-p.s.h. for short) 
if it is locally the sum of a plurisubharmonic (p.s.h. for short) and a smooth function. A 
quasi-p.s.h. function (j) is called ooo-p.s.h. if + wq > 0 in the sense of currents. Denote 
by PSH(X, ojq) the set of such functions. If 0 is a bounded function in PSH(X, oiq), define 
the associated Monge-Ampere measure and normalized Monge-Ampere measure by 

MA(0) := {dd^(j) + uo)^ and NMA(0) := ||MA(0)||-^MA(0). 

So MA(0) is a positive measure and NMA(0) is a probability measure on X. A quasi- 
p.s.h. function 0 is called strictly ooo-p.s.h. if dd^cp + uq is larger than a Kahler form in the 
sense of currents, see IITOl [T4ll for the basic notions and results of pluripotential theory. 

Some remarks. The constants involved in our computations below may depend on 
X,L, ho and hence on ujq and /i°. However, they do not depend on the other weights 
used for the line bundle L but only on the upper bounds of suitable norms (^", Lip, ...) 
of these weights. This property can be directly seen in our arguments. For simplicity, we 
will not repeat it in each step of the proofs. The notations > and < mean inequalities up 
to a positive multiple constant. 


1. Introduction 


Let X be a non-pluripolar compact subset of C”. The pluricomplex Green function of 
K, denoted by V^{z), is the upper-semicontinuous regularization of the Siciak-Zahariuta 
extremal function 


Vk{z) := sup {u{z) : u p.s.h. on C"", u\k < 0, u{w) — log \\w\\ = 0(1) as re —)■ cx)}. 


This function is locally bounded, p.s.h. and (dd^Vpp)'^ defines a probability measure 
with support in K. It is called the equilibrium measure of K and denoted by /ieq(X), see 
113 [31. 

Let be the set of holomorphic pol 5 momials of degree < p on C”. This is a complex 
vector space of dimension 


Np-= =0p” + O(p”-‘). 

\ n J n\ 

Let (ei,..., CNp) be a basis of ^X^p. Define for P = (xi,..., XNp) e the Vandermonde 

determinant W (P) by 


W{P) := det 


/ ei(xi) 
V ewpixi) 


ei(TjvJ \ 


A point P G is called a Fekete configuration for K if the function |1L(-)|, restricted to 
K^p, achieves its maximal value at P. It is not difficult to check that this definition does 
not depend on the choice of the basis (ci,..., e^^), see [fZHU . 

Recently, Berman, Boucksom and Witt Nystrom have proved that Fekete points 
xi,... ,X 7 Vp are asymptotically equidistributed with respect to the equilibrium measure 
/ieq(X) as p tends to infinity |U. This property had been conjectured for quite some 
time, probably going back to the pioneering work of Leja in [IT9lf20l . where the dimen¬ 
sion 1 case was obtained. See also HZTl [2811 for more recent references on this topic. 
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More precisely, let 

p i=l 

denote the probability measure equidistributed on xi,..., We call it a Fekete measure 
of order p. The above equidistribution result says that in the weak-* topology 

lim Pp = p,eq{K). 

p^oo 

In fact, this theorem by Berman, Boucksom and Witt Nystom holds in a more general 
context of Fekete points associated with a line bundle. We will discuss this case later 
together with an interesting new approach by Ameur, Lev and Ortega-Cerda Ol l23ll . 

Fekete points are well known to be useful in several problems in mathematics and 
mathematical physics. It is therefore important to study the speed of the above conver¬ 
gence. For this purpose, it is necessary to make some hypothesis on the compact set K. 
For instance, we have the following result, see also Corollary 1 1.61 

Theorem 1.1. Let K be the closure of a bounded non-empty open subset o /with 
boundary. Then for all 0 < y < 2 and e > 0, there is a constant c = c{K, 7, e) > 0, 
independent of p > 1, such that 

\{Pp- Peq{K),v)\ < 

for every Fekete measure pp of order p and every test function v of class on C". 

In fact, our result is still true in a more general setting that we will state below after 
introducing necessary notation and terminology. 

Let L be an ample holomorphic line bundle over a projective manifold X of dimension 
n. Fix a smooth Hermitian metric hq on L whose first Chern form uq := ^^^Rq is a Kahler 
form, where is the curvature of the Chern connection on (L, hq). 

Definition 1.2. We call weighted compact subset of X a data (iC, 0), where K is a non- 
pluripolar compact subset of X and 0 is a real-valued continuous function on K. The 
function 0 is called a weight on K. The equilibrium weight associated with {K, 0) is the 
upper semi-continuous regularization of the function 

fxiz) := sup { 0 ( 2 ) : 0 cjQ-p.s.h., 0 < 0 on iC}. 

We call equilibrium measure of {K, 0) the normalized Monge-Ampere measure 

/ieq(iT,0) :=NMA(0;,). 

Note that the equilibrium measure Peq{R, 0) is a probability measure supported by K 
and 01^ = fx almost everywhere with respect to this measure, see e.g., [12|| . 

Definition 1.3. Denote by Px the projection onto PSH(X, wq) which associates 0 with 
01^. We say that {K, 0) is regular if fx is upper semi-continuous, i.e., Px4> = fx- Let 
(E, II 11^;) be a normed vector space of functions on K and (F, || \\f) a normed vector 
space of functions on X. We say that K is (F, F)-regular if (F, 0) is regular for 0 G F 
and if the projection Px sends bounded subsets of F into bounded subsets of F. 
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We will see in Theorem 12.71 below that when K is the closure of an open set with 
boundary, then it is ‘^")-regular for 0 < a < 1, i.e., {E, F)-regular with E = 
andF = '^“(X). 

Consider now an integrable real-valued function ^ on X and the singular Hermitian 
metric h := e~‘^'^ho on the line bundle L. We will use the notations given at the beginning 
of the paper. Consider also a basis Sp = (si,..., sn^) of the vector space H^{X, L^), where 
Np := dim L^). This basis can be seen as a section of the rank Np vector bundle of 

the product x ■ ■ ■ x (Np-times) over X^p. The determinant line bundle associated 
with this vector bundle is denoted by The determinant det(sj(a;j))i<jj<Arp for 

F = (xi,..., XNp) in X^p defines a section of the last line bundle over X^p that we will 
denote by det Sp or det(sj(xj)). The metric ho induces in a canonical way a metric 
on {LP)^^p. As mentioned above, we denote by | det(sj(xj))| the norm of det(s i{Xj)) 
with respect to {hD^^p. For P = (xi,... ,XNp) in X^p, we will consider the weighted 
Vandermonde determinant 

|det(s,(x,))|pv, := 

The following notion does not depend on the choice of the basis Sp = {si,... ,SNp)- 

Definition 1.4. The point P = (xi,... ^x^^) in K^p is called a Fekete configuration of 
order p of (L, ho) in the weighted compact set {K, f) if the above weighted Vandermonde 
determinant, restricted to K^p, achieves its maximal value at F. The associated proba¬ 
bility measure 

H-f 4jVp)) 

on K is called a Fekete measure of order p. 

In order to study the speed of equidistribution of Fekete points, it is convenient to use 
some distance notions on the space ^{X) of (Borel) probability measures on X. For 
7 > 0 , define the distance dist.^ between two measures p and p' in J^{X) by 

dist.y(p,p') := sup \{p — p!,v)\, 

where x is a test smooth real-valued function. This distance induces the weak topology 
on ^{X). By interpolation between Banach spaces (see llTdilBTlI T for 0 < 7 < 7 ', there 
exists c > 0 such that 

( 1 . 1 ) disty < dist.^ < c[disty]'^^'^ . 

Note that disti is equivalent to the classical Kantorovich-Wasserstein distance. 

Here is our main result which is the version of Theorem 11.11 in the general setting. It 
is already interesting for iT = X. 

Theorem 1.5. Let X, L, ho be as above and K a non-pluripolar compact subset of X. Let 
0<a<2, 0<a'<l and 0 < 7 < 2 be constants. Assume that K is -regular. 

Let (j)be a real-valued function on K and Peq{K, 4>) the equilibrium measure associated 
with the weighted set {K, f). Then, there is c > 0 such that for every p > 1 and every Fekete 
measure pp of order p associated with {K, f), we have 

dist.^(pp, Peq{K, f)) < cp“^'^(logp)^^'^ with (3 := a'/ (24 + 12q;'). 
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We will see later in Theorem 12.71 that the hypothesis on K is satisfied for a = a' < 1 
when K is the closure of an open set with boundary (we think that the techniques 
we use can be applied to study other classes of compact sets but we don’t develop this 
direction here). So the result below is a consequence of Theorem 1 1.5 1 for a = a' < 1. 

Corollary 1.6. Let X, L, Lq he as above and K the closure of a non-empty open subset of X 
with boundary. Let fbe a real-valued function on K, 0 < a < I, and PeqiK, 4>) the 
equilibrium measure associated with {K, f). Then, for every t) < y <2, there is c > 0 such 
that for every p > 1 and every Fekete measure pp of order p associated with (K, f), we have 

dist^{pp, Peq{K, 4>)) < cp“^'^(logp)^^'’' with jS := a/(24 + 12a). 

When X is the projective space P" and L is the tautological line bundle Ofi) on P’^, 
we can consider X as the natural compactification of and the sections in H^{X, L^) = 
0{p)) can be identified to polynomials of degree < p on We then see that 
Theorem 11.11 is a particular case of the last corollary. 

Our theorem applies to the case where K = X and 0 is a smooth function on X. If 
the metric h := e~‘^^hQ of L has strictly positive curvature form, our approach gives an 
estimate better than the one in the last theorem. Namely, we have the following result, 
see also Remark [3.151 

Theorem 1.7. Let X, L and hq be as above. Let f be a real-valued function on X such 
that the first Chernform of the metric h ■.= e is strictly positive. Let peq{X,(j)) denote 
the equilibrium measure associated with the weighted set (X, f). Then for any 0 < 7 < 3, 
there is c> 0 such that 

dist^(/ip,/ieq(X,0)) < 

for all p > 1 and all Fekete measures pp of order p associated with (X, f). 

This result is close to the one recently obtained by Lev and Ortega-Cerda in [l23!l . These 
authors proved that when f is smooth wo-strictly p.s.h., there is a constant c > 0 such 
that 

(1.2) < disti{pp,Peq{X,(j))) < 

for all p and Fekete measures pp of order p associated with (X, 0). Using (II.ID . we can 
deduce similar estimates for dist^ with 0 < 7 < 1. So the result of Lev and Ortega-Cerda 
is optimal for 0 < 7 < 1 in their assumption. Although for 0 < 7 < 1 estimate in Theorem 
11.71 is weaker than (II.2D and its interpolated version, our assumption of smoothness for 
0 is only and can be easily reduced to with similar estimates depending on a, see 
Remark 13.151 Of course, in the case where the curvature of the metric induced by 0 is 
only semi-positive or even not semi-positive, one can apply Corollary 1 1.61 to K = X. 

In their approach. Lev and Ortega-Cerda relate the equidistribution of Fekete points 
to the problem of sampling and interpolation on line bundles as in a previous work 
by Ameur and Ortega-Cerda [jl]] . The main ingredients of their method consist in us¬ 
ing Toeplitz operators as well as known asymptotic expansions for the Bergman kernels 
on/off the diagonal of X x X due to HSl [30l l33ll , cf. also Il25l [2^ . The key points 
here are (1) the Fekete configurations are also sampling and interpolation, and (2) the 
points of such a configuration are geometrically equidistributed. These crucial properties 
are obtained using the assumption that the metric weight 0 is smooth wo-strictly p.s.h. 
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Our approach is different because our metric weight 0 is, in general, only Holder 
continuous and it may originally be defined on a proper compact set K d X. In this 
context, Pxcj) is only weakly cjo-p-s.h., and moreover, not smooth in general. So the 
result by Lev and Ortega-Cerda is not applicable in the general context. 

We will follow the original method of Berman, Boucksom and Witt Nystrbm [l2l . 
We will need, among other things, a controlled regularization for quasi-p.s.h. functions, 
quantitative properties of quasi-p.s.h. envelopes of functions and an estimate of Bergman 
kernels associated with holomorphic line bundles. These results are of independent in¬ 
terest and will be presented in the next section while the proofs of the main results will 
be given in the last section. 

Acknowledgment. The paper was partially written during the visits of the second and 
the third authors at National University of Singapore, University of Cologne and Max- 
Planck institute for mathematics in Bonn. They would like to thank these organizations 
for their very warm hospitality. 


2. Quasi-p.s.h. functions, equilibrium weight and Bergman functions 

Let A be a compact Kahler manifold of dimension n and let coq be a fixed Kahler form 
on X. We will use later the equilibrium weight P^cj) associated with a regular weighted 
compact set {K, 0) of X. This is a quasi-p.s.h. function which is not smooth in general. 
So we will need to approximate it by smooth quasi-p.s.h. functions and control the cost 
of this regularization procedure. 

In this section, we will give a version of the theorem of regularization for Holder 
continuous quasi-p.s.h. functions and study the Hblder continuity of equilibrium weights. 
The behavior of Bergman functions associated with the powers of a line bundle with small 
positive curvature is crucial in our approach. This question will also be considered here 
in the last subsection. 


2.1. Regularization of quasi-p.s.h. functions. The purpose of this subsection is to es¬ 
tablish the following regularization theorem for Holder continuous quasi-p.s.h. functions 
with a control of positivity and controlled norms. 


Theorem 2.1. For each 0 < a < 1, there exist c > 0 which only depends on X, uq, a, and 
Cm > 0 which only depends on X,uo,a and m eW satisfying the following property. Let f 
be an uo-p.s.h. function on X of class Then, for each 0 < e < 1, there exists a smooth 
function such that 

a) is ojQ-p.s.h.; 

b) H.-fWoo < ce"||0||o,a (see the beginning of the paper for notation); 

c) ii0€|k-(x) < Cme~'^^°‘WfWo,a for m E N*. 


We are inspired by Demailly’s regularization theorem [fTOl [TTlI and a technique of 
Blocki-Kolodziej First, we construct suitable regularized maximum functions. Fix a 
function d E M+) with support in [—1,1] such that d{h)dh = 1 and hd{h)dh = 

0. For each 0 < e < 1 and each integer />1, consider the regularized maximum function 
max^ : R' —)■ M defined by 


= / max(fi + /ii, 


i 

. .,ti + hi)e~^ d{hi/e)dhi. 

i=l 


.dhi. 


max,(fi, : 
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Here are some properties of max^, which will be used later. The notation {ti,... ,ti,... ,ti) 
below means that the component ti is omitted in the expression. 


Lemma 2.2. a) maxe(ti ,... ,ti) is non-decreasing in all variables, smooth and convex 
on W] 

b) max(ti ,.. .,ti) < maxe(ti ,... ,ti) < e + max(ti ,.. 

c) max,(ti ,... ,ti) = maxe(ti ,... ,ti,... ,ti) ifU + 2e < max(ti ,.. .. ,ti)] 

d) if ui,... ,ui are p.s.h. functions defined on some domain D in then so is 

max,(Mi,... ,ui). 

e) If ui,... ,ui are real-valued functions in where m eW and D is a domain 

in C", then there is a constant ci^m > 0 depending only on I, m and d such that 

||max,(Mi, ... < e + sup ||m*||oo + Q,m TT ll^illS, 

l<i<Z — 

- fij ^,J 

the sum being taken over all Vij > 0 with 1 <i < I and j > I such that jrij < m. 


Proof Assertions a)-d) are contained in Lemma 1.5.18 of [fTOll . where the above proper¬ 
ties of d are used. We turn to assertion e). Note that assertion b) allows us to bound 
the sup-norm of maXe(Mi, ... ,ui), and hence explains the presence of e + sup ||Mj||oo in 
assertion e). 

Observe that the function max is Lipschitz. Therefore, any partial derivative of order 1 
of maXe(Mi, ..., ui), seen as a function in D, is a finite sum of integrals of type 


( 2 . 1 ) 


V 


i 

T>(mi + hi,...,ui + hi)e -n d{hi/e)dhi... dhi, 

i=l 


where <1) is a partial derivative of order 1 of max and w is a partial derivative of order 1 
of a function Ui. Note that $ is bounded. 

Performing the change of variables Ui + hi = Si, the expression in (12.ID is equal to 

^ I 


/ <l'(si,...,sz)e — —)dsi...dsi, 

J\si-Ui\<e ^ 


which is a function in D. We see that any derivative up to order m — 1 of this function is 
bounded by a constant times 

where the sum is taken over all Vij > 0 with 1 < i < / and j > 1 such that jr^ < m. 
This, together with the control of the sup-norm using b), implies assertion e). □ 


Recall the following standard regularization by convolution. Let p{z) ;= p{\z\) e 
(C”) be a radial function such that p > 0, p{t) = 0 for f > 1, f^„ pd Leb = 1, where Leb 
is the Lebesgue measure on C"^. For 5 > 0 we set ps^z) := p{z/5). For every function 
u on an open set (7 c C” and every subset U' d (7, define 


( 2 . 2 ) 


us{z) := {u * P 5 ){z) = / u{z — Sw)p{w)dLeh{w) with z G U', 


for 0 < 5 < dist((7', bU). If m is in then us is in and we have 


(2.3) 


1^5 — MII00,(7' ^ 11^11 >^0.0(5“ and ||M5||‘^m(;7') ^ ll'^ll'^o.Q^ 


for m G N*. 


■—m+Q 
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If u is p.s.h. then us is also p.s.h. and us is decreasing to m as 5 \ 0. We need the 
following elementary lemma, whose proof is left to the reader, see also ^ . 

Lemma 2.3. Let F : W ^ W be a biholomorphic map between two open subsets W and 
W' ofC^. Let u e PSH(Lh) n with 0 < a < 1. Then, for every set U W we 

can find a constant 6u > 0 such that for 0 < 6 < 6u, the function uf := {u o F~^)s o F is 
well-defined on a neighborhood of U. Moreover, there are cu > 0 and cu,m > 0 for m E W 
such that when 0 < 6 < Su, 

Wuf — u\\oo,u ^ cu\\u\\‘^,°‘S°‘ and < cu,m\\u\\<^o,o‘S 

End of the proof of Theorem 12.11 Denote for simplicity M := ||0||o,a- The constants 
we will use below do not depend on M. Observe that we only need to construct a 
(1 + c'Me")a;o-p.s.h. function such that 

(2.4) Wfe — 0||oo < cMe°‘ and form > 1, 

where c, c' and Cm are constants. Indeed, we can just multiply it by (1 + c'Me°‘)~^ in order 
to obtain a function as in Theorem l2.ll We can also add to this function a constant times 
Me" if we want to get a function larger or smaller than f. 

First fix a finite cover of X by small enough local charts {Uj)j(zj. We also choose a finite 
cover of X by local charts indexing by the same index set J such that Vj d Uj. 

For each j G J fix a smooth function fj defined on a neighborhood of U j such that 

(2.5) dd^fj = ujq on a neighborhood of Uj. 

Then the function 

( 2 . 6 ) Uj\=4>Ffj 

satisfies dd^Uj = dd’^f + dd^fj = dd^f + (Uq > 0. So Uj is p.s.h. on Uj. 

Let i and fc be in J such that UjHUk 0. There are two natural ways to regularize the 
restriction Ujlu^nUt using formula (12.2D . The first one is to use the local chart of Uj, i.e., 
Uj will play the role of U in (12.2D . and we get a function Uj^^. Similarly, the second way is 
to use the local chart of Uk- Let F be the change of coordinates on Uj n Uk from Uj to Uk- 
Denote by the function given by Lemma [2^ which corresponds to the regularization 
of Uj using the local chart of Uk- Write 

Uj^^ Uk^e T (Uj Uk)^ On Uj Fl Uk., 

where the term {uj —Uk)e is the regularization of Uj — Uk by formula (12.2D using the local 
chart of Uk. Recall from (12.6D that Uj — Uk = fj — fk which is a smooth function. This 
together with the previous equality and Lemma [2^ imply 

(2.7) \\{uj,,-Uk,e)-{fj-fk)\\oo<Me'^ on U,nUk. 

Fix a constant c > 0 large enough. For each j E J let pj be a smooth function defined 
in Uj such that pj = 0 on Vj and that pj = —c away from a compact subset of Uj. We 
have that dd’^pj > —c'uq for some constant c' > 0. For each e > 0 and j G J, consider the 
function 

(2.8) Vj := Uj^e — fj + Me°‘pj on Uj. 
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We identify J with and set 

(2.9) (/),:= max, (M 




Note that to define 0,(a:), x e X, we remove from the last formula if x ^ Uj. 

We first show that the function cj)^ is smooth on X. For this purpose, we only need to 
prove the property in a neighborhood of an arbitrary fixed point of X. Since each Vj is 
well-defined and smooth on Uj , using (I2.9D and assertion a) in Lemma 12.21 it is enough 
to prove the following claim. 

Claim 1. For all x G Uj close enough to bUj, we have 


max, ..., (x) 

= max, ..., (x). 


Let k e J such that x G 14. We infer from (12.8D and the equality rik{x) = 0 that 

Vk{x) = Uk,e{x) - /fc(x). 

The same argument using the equality rij{x) = —c gives 

Vj{x) = Uj^e{x) — fj{x) — cMe°‘. 

Putting the two last equalities together with (12.7D . and using that c > 0 is large enough, 
we infer 


Vk{.x) > Vj{x) + 2Me“. 


This, combined with assertion c) in Lemma [2^ implies Claim 1. 

Claim 2. The function 0, belongs to PSH(X, (1 + c'Me°‘)uo). 

It is enough to work in a small open set W in X. By Claim 1, we can remove from the 
definition (12.9D of (/>, all functions iiW(^ Uj. So we have W C Uj for the 

indexes j considered below. Since Uj is p.s.h., so is Therefore, we deduce from (12.5D 
and (12.8D that 

d<fvj = d(fuj^^ — ooo + Me'^dd^rij > —(1 + c'Me°‘)uo. 

Choose a function f on W such that dd^f = + c'Me“)u;o. We deduce from 

(12.9D and the construction of max, that 

0, = Me"-^ max, + /) - 

Since + / is p.s.h. on W, applying assertion d) in Lemma [221 we obtain that 

(/), belongs to PSH(X, (1 + c'Me“)a;o), thus proving Claim 2. 

We continue the proof of the theorem. By (12.6D and (12.8D . we get on I 4 



This and assertion b) in Lemma 12.21 prove the first estimate in (12.4D . For the second 
estimate, we infer from assertion e) of Lemma 12.21 that 


||0,||.^m = Me“ ^ ||max,(M 4^ 4^ 

< Me“ + sup 14, lU + Me“-' ^ J] (M 



( 2 . 10 ) 
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the sum being taken over all Vij > 0 with 1 < i < I and j > 1 such that ^ < m. On 

the other hand, by (12.3D and (12. 8 D . we have 

hilWj = \\ui^e - fi + 

Inserting these estimates into (I2.10D . we obtain that (j)^ satisfies the second inequality in 
(12.4D . The theorem follows. Note that we can get similar estimates for every m G M+. □ 

Remark 2.4. We can prove in the same way the existence of constants c > 0 depending 
only on X, oiq, and > 0 depending only on X,ujo,m G N*, satisfying the following 
property. Let 0 be an cuo-p.s.h. function in Lip(X). Then, for each 0 < e < 1/2, there 
exists a smooth function such that 

a) is oiQ-p-s.h.; 

b) 110 , - 0 |loo < -c(l + || 0 ||Li 5 )eloge; 

c) < -c„,(l + ||0||L5)e"™+Moge for m G N*. 

2.2. Regularity of equilibrium weight. In this subsection, we study the equilibrium 
weight associated with a weighted compact subset (X, 0) of X. We start with the fol¬ 
lowing tautological maximum principle, and we refer the reader to the beginning of the 
paper and the Introduction for the notation used below. 

Proposition 2.5. Let (X, 0) be a regular weighted subset ofX and let Pxcj) be the associated 
equilibrium weight. Then for every UQ-p.s.h. function 0 on X, we have 

sup(0 — 0) = sup(0 — Pxf) = sup(0 — Pft:0). 

K K X 

In particular, for every section s G X°(X, X) we have 

\\s\\l°°{K,p4>) = \\s\\l°°{K,pPk4>) ~ ll'S||L°°(V,pPjf0)- 

Proof By Definition [T^ we have Pxf < 0 on X. Hence, 

SUp(0 — 0) < SUp(0 — Pxf) < SUp(0 — Pr'0). 

K K X 

To prove the converse inequality, observe that 0 — sup^^(0 — 0) < 0 on X. This, combined 
with Definition [T^ and the fact that 0 is oio-p-s.h., implies that 0 — sup;^(0 — 0) < Pxf 
on X. We deduce 0 — Pk<P < sup^(0 — 0) and then the first assertion in the proposition. 
Next, observe that 

dd^- log |s| = -[s = 0] — oio > —^ 0 , 

p p 

where [s = 0] is the current of integration on the h 5 q)ersurface {s = 0}. So Mog |s| is 
oiQ-p.s.h. Applying the first assertion of the proposition to this function instead of 0 gives 
the second assertion. □ 

The following basic result has been stated in [El Lemma 2.14]. 

Lemma 2.6. Let K be a non-pluripolar compact subset of X. Then the projection Pk is 
non-decreasing, concave, and continuous along decreasing sequences of continuous weights 
0 on K. It is also 1-Lipschitz continuous, that is, 

sup |Px 01 - Pk4>2\ < sup 101-021 

V K 

for all continuous weights 0i and 02 on X. 
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Proof. We only give the proof of the inequality in the lemma and leave the verification of 
the other statements to the reader. Since < 02 + sup^ |0i — 02 | on K, it follows from 
Definitions 11.21 and 11.31 that 

<-Pr :02 + sup 101 - 02 | on X. 

K 

This and the similar estimate which is obtained by interchanging 0i and 02 , imply the 
desired inequality. □ 


The following theorem is the main result of this subsection. It gives us a class of 
compact sets K satisfying regularity properties mentioned in the Introduction. 

Theorem 2.7. Let K be the closure of a non-empty open subset of X with boundary. 
Then K is -regular for every 0 < a < 1. 


It is known that such a compact set is regular. To prove this property, it is enough 
to show that Pxf is continuous when 0 is Hdlder continuous and then obtain the same 
property for continuous 0 by approximation. Thus, the regularity of K can be also ob¬ 
tained with the arguments given below. 

Proof of Theorem 12.71 in the case K = X. Let 0 be a function on X with bounded 
i0"-norm. We have to show that 0 := Px4> has bounded ^“-norm. We will need to 
regularize 0 using the method introduced by Demailly in HTTl] . Recall that for simplicity 
we use here the metric on X induced by the Kahler form uq. 

Consider the exponential map associated with the Chern connection on the tangent 
bundle TX of X. The formal holomorphic part of its Taylor expansion is denoted by 


exph : TX —)■ X with T^X 3 ( ^ exph^(C). 


It is approximatively the part of the exponential map which is holomorphic in (, see IfTTil 
for details. Let y : M —)■ [0, cxd) be a smooth function with support in (— cxd, 1] defined by 


X{t) := 


const 

( 1 ^ 


exp 


1 

t-1 


for t <1, 


Xif) = 0 for f > 1 , 


where the constant const is adjusted so that ij^|<i x(|Cn'^Leb(C) = 1 with respect to the 
Lebesgue measure dLeb(C) on ~ TzX. Fix a constant 5o > 0 small enough. Define 


(2.11) ^{z,t):= 0(exph0fC))x(ICnc?Leb(C) for (z, t) e X x [0, (5o]. 

JCeT.x 

By [ITT]] , there is a constant 6 > 0 such that the function t \-3 'T{z,t) + bt is increasing 
for t in [0,5o]- Observe also that 0) = fj^z). By definition, 0 = Pxf is bounded by 
min0 and max0. The values of T/{z,t) are averages of values of 0. So T/{z,t) is also 
bounded by the same constants min 0 and max 0. 

Consider for c > 0 and 5 G (0, (5o] the Kiselman-Legendre transform 

(2.12) i/jcs{z) ■= inf ('T{z,t) + bt — b6 — c\og\\ 

’ ie(o,<5] V 0 / 

Since t < 6 < 6o, we see that 0c, 5 is bounded below by min 0 — b6o and taking t = 6 we 
also see that 0 c ,5 is bounded above by max 0. 
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Using a result by Kiselman, it is not difficult to show (see HTTII . see also Il4l Lemma 
1 . 12 ]) that 'ipcs is quasi-p.s.h. and 


uq + dd'^'ipcS > —(ac + b6)uo, 

where a > 0 is a constant, see also IfTTl [TSU . Therefore, we have 

dd"" - ^ + Wo > 0 for all c > 0 . 

I+ ac + h5 

From now on, we take c = 5“. We have seen that - 0^5 is bounded uniformly in c, 5 for c 
and 5 as above. Hence, 


(2.13) 


0c 


1 + ac + M 


- 0c 


< 5 “ 


For t ■= 5 we obtain from (I2.12D that 


0c,5(^) < 5)- 

On the other hand, we deduce from (12.IIP that the value of \F(z, 5) is an average of the 
values 0 in the ball ©( 2 ;, A6) in X for some constant A depending only on X and wq. 
Since t/j < cj) and the ^“-norm of 0 is bounded, we have 




This, coupled with (I2.13P . gives 


0c 


<0 + 0 ( 0 - 


1 + ac + M 

Since the left hand side is an wo-p.s.h. function, the identity 0 = Pk4> implies 


0c,^ 


1 + ac + b6 


<0 + 0 ( 0 - 


Then, using that c = S°‘, we get 


0c,5 < 0 + 0(5“). 

This and (I2.12D imply the existence of E (0,5] such that 

(2.14) + 50 < Aiz) + clog Y + 0(5“). 

0 

Recall that the function t t-E- '^{zA) + bt is increasing and observe that its value at t = 0 
is equal to A{z)- So the last identity implies 

clog^ + 0(5“) > 0. 

0 

Therefore, since c = 5", we have 96 < < 6, where 0 < 0 < 1 is a constant. By (I2.14D 

and using again that f 1 -)- \F(z, f) + bt is increasing, we obtain 

(2.15) ^{zA6)-A{z) <0{5^). 

Fix a point z E X and local coordinates in a neighborhood of z so that the metric on X 
coincides at 2 ; with the standard metric given by the coordinates. The function 0 is the 
difference between a p.s.h. function 0' and a smooth function. In particular, A0 — A0' 
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is smooth. Denote by /x the positive measure defined by Ai/)'. Consider the following 
quantity involving the mass of ^ on the ball B(z, r) 


z/(r) 


(n — 1)! 

- 1 fyt 2 ?T<- 2 



for 0 < r <C 1. 


Note that if instead of fi we use the measure defined by Ai/), then the last quantity is 
changed by a term O(r^). So in the following computation, the use of Aip' is equivalent 
to the one of Ai/). The advantage of Ai/j' is that by Lelong’s theorem, the above function 
z/(r) is increasing. 

According to IfTTl (4.5)] and using that x is strictly positive on [0,1), we have the 
following Lelong-Jensen t 5 q)e inequality 




d 


'0 


> — 


'0 


dr 

Ut\ 

T LJ] 

> f‘-\ 

Jt /2 r U 

_l-2n 


\l'(^, T)dT 

K^ICIMICP)rfLeb(C)-0(r2) 


, 1 ) 


l/2<|C|<3/4 


'^(^ICI)x(ICP)c?Leb(C) -0{t^ 


> 


T 


Jtl2 

j2—2n 

r\j 

Combining this and (I2.15D . we obtain 


r/2)dT -0{f) 

i/4) - 0{t^). 


\\M\Miz,t) < for t < 1. 

The estimate is uniform in 2 ; e A. Applying Lemma [2^ below gives the result. □ 


To complete the proof of Theorem 12.71 for K = X, it remains to prove the following 
elementary result, see also llT^ . For the reader’s convenience, we give here a proof. 


Lemma 2.8. Let (j)be a subharmonic function in a neighborhood U o/B(0,1) C MX and 
0 < a < 1. Suppose there are constants A > 0 and to > 0 such that ||0||oo < A and for 
every x e B(0,1) and 0 < t < to, we have 

(2.16) ||A0||B(.,q < 

Then f is of class and its ^°‘-norm on B(0,1) is bounded by a constant depending only 
on U, A, to and a. The result still holds for a = 1 if we replace by Lip. 


Proof For simplicity, we only consider 0 < a < 1 and m > 3. In this case, the Newton 
kernel E{x) for x G is equal to a negative constant times \xf~"^ and A{E * p) = p 
for all measure p with compact support, see |[T^ Theorem 3.3.2]. We can assume that 
U = B(0,1 + 4ro) for some constant tq < to A A0 has finite mass in U. So (I2.16D 

holds for t < 4ro. Define p := Af on U and f := E * p. The function f — f is harmonic 
on U. Therefore, we only need to show that / has bounded ^"-norm on B(0,1). 

Fix two points x, 1 / e B(0,1) and define r := \\x — y\. Since ||0|loo < A we only need 
to show that lf(x) — f('i/)l< r“ for r <C fq. Define 

L>i := B(x, r), D 2 := B(?/, r), D 3 := B(x, To) \ (T>i U D 2 ), D 4 := B(0,1 + 4ro) \ B(a;, Tq) 
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and 

4 :=/ \\x-z\'^-^-\y-z\^-^\dii{z). 

Observe that \f{x) — f{y) \ ^ h + h + h + h- So it is enough to bound Ji, I 2 , h, I 4 . 

Consider the integral Ji. The case of 4 can be treated in the same way. Since \z — x\ < 
\y — zj for 2 ; G Di, we have 

(2.17) h <2 [ \x- z\‘^-^dy{z). 

Recall that y = A0 and it satisfies (I2.16D . Observe that |a; — 2 ;^“™ can be bounded by a 
constant times the following combination of the characteristic functions of balls 


k=0 

The integral in (I2.17D is bounded by a constant times 

00 00 /■ 2 r 

^(2"4)2-™||A0||B(^,2-fcr) 4 X] / r^~""\\A(j)\\n{x,r)dT = / r^"”*||A0||B(x,r)dr. 

k=0 k=0 Jo 

We then deduce from (I2.16D that h < r“. 

Consider now the integral 4 . Observe that \x — z\ zz \y — z\ when 2 ; ^ Oi U 02 . Hence 

(2.18) ||x - z\^-^ -\y- z\^-^\ < r\x - z\^-^ 

and 

4 <r / \x-z\^-^dy{z). 

We need to bound the last integral by and we can assume that x = 0. Observe 

that we have on the domain r < 4 | < tq, 


]4r:£ E 

k=- log 2 ro 


Hence, we obtain the following inequalities which imply the desired estimate for 4 

- log2 r - log2 r 


f E 

'r<|2|<ro 




—k\a—l 


k=- log2 ro 

Finally, for the integral 4 with z G O 4 , observe that (I2.18D implies 


\x-z\^-”^-\y-z\^-^\< 


r. 


The estimate h< r follows immediately. This completes the proof of the lemma. □ 

We continue the proof of Theorem 12.71 We need the following lemma. For r > 0 and 
tp G C, denote by ©(tp, r) the disc of center w and radius r in C. 


Lemma 2.9. Let a > Obea constant. Let ubea quasi-subharmonic function on a neighbor¬ 
hood o/©(—1,3) such that Au > —1, u < 1 on D(— 1, 3) and u{z) < |2:|"/or all z G ©(1,1). 
Then there is a constant c > 0 depending only on a such that for all t G [—1/2,0] we have 
u{t) < ifaf^l and u{t) < —c\t\ log \t\ ifa = l. 
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Proof. Replacing a by min(2, a) allows us to assume that a < 2. Observe that the function 
is smooth and its Laplacian is equal to 2. So replacing u{z) by allows 

us to assume, from now on, that u is subharmonic. Let 12 denote the domain D(—1,3) \ 
D(l,l). Let $ : 12 —)■ D(0,1) be a bi-holomorphic map which sends —4,0 and [—4,0] 
to —1,1 and [—1,1], respectively. Since 612 \ {2} is smooth analytic real, by Schwarz 
reflexion, $ can be extended to a holomorphic map in a neighborhood of this curve and 
does not vanish there. 

Define z' = 4'(z) and v{z') := u o ^~^[z') = u{z). We deduce from u{z) < \z\°' that 
v{z') < \z' — 1|" for z' G 6D(0, 1). Let t be as in the statement of the lemma and define 
t' := 4)(f) and s := 1 — t'. We have s G [0, 2] and s < |f| < s. We only have to show that 
^ if a ^ 1 and v{t') < —slogs if a = 1. Since v is subharmonic, it satisfies 

the following inequality involving the Poisson integral on the unit circle 


Observe that 1 — < s and |e*^ — f'p > s^ + 0^. The last inequality is clear for 9 < 4s 

because |e®® — f'| > s as t' cannot be too close to —1, and it is also clear when 9 > 4s. We 
then deduce from the estimate of v on the unit circle that 


v{t') < 



s|0|" 

s2 + 02 


d9 



| 0 '|“ 


l + 0'2 


d9' < s“ 



I0'l“ 


l + 0'2 


d9'. 


when a < 1, the last integral is finite and the lemma follows. Using the integral before 
the last one, we also see that if a = 1 then v{t') < —s log s which also implies the lemma 
in this case. Consider now the case a > 1. We deduce from the above inequality that 

v{z) < s r \9r^d9 < s. 


This completes the proof of the lemma. 


□ 


Proof of Theorem 12.71 in the case K X. Consider a weight f of bounded ^"-norm 
on K with 0 < a < 1. Adding to 0 a constant allows us to assume that 0 > 0. Dividing 
0 and ooo by a constant allows us to assume that \\(j)\\<ffa < 1/100. We have to show that 
Pk4> is of class 

Fix a large constant A S> |10||'^“ and define 

(j){x) := min \4>{y) + A dist(a;, y)"] for x e X. 

yeK 

Since f is and A is large, f is an extension of f to X, i.e., f f on K. Moreover, if 
the above minimum is achieved at a point i/q g K, by definition of 0, we have for x' e X 

f{x') -f{x) < (fivo) + Adist(i/o,a:')“) - (fivo) + A dist(|/o, a:)“) < A dist(a;, a;')“. 

Therefore, the function 0 is 

The idea is to reduce the problem to the case K = X which was already treated above. 
We only need to show that Pxf < f because this inequality implies that Pk4> = Px4>- 
Moreover, since P^f is bounded and A is large enough, we only need to check that 
Pk4>{x) < 0(x) for X outside K and close enough to K. 

Fix a finite atlas with local holomorphic coordinates (that we always denote by 2 ; = 
(zi,..., Zn)) on open subsets Ui of X satisfying the following properties 
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(1) Each open set Ui corresponds to a ball B(ai, 10) of radius 10 centered at some 
point Qi in C"^; 

(2) If Vi C Ui denotes the open set corresponding to B(ai, 1), then these Vi cover X; 

(3) 0 restricted to K nUi is identified to a function on a subset of B(aj, 10); we still 

denote this function by (jy; it satisfies < 1/100; for simplicity, KnUi will be 

also written as fi B(aj, 10); 

(4) Pk4> restricted to Ui is identified to a quasi-p.s.h. function on B(aj, 10) that we 

still denote by Pk4>1 it satisfies Pxcj) < (j) on K f] B(ai, 10) and dPPK((> > > 

—on B(ai, 10); 

(5) For any point y in bK n B(aj, 2), K contains a ball B of radius 2 such that y &bB 
and bB is tangent to bK at y. This can be done because K has boundary. 

This choice of atlas does not depend on A. So we can increase the value of A when 
necessary. 

Now, X belongs to some V). In what follows, we drop the index i for simplicity, e.g. we 
will write a instead of a*. Recall that the point x is assumed to be outside and near the 
set K. Let yo be as above and denote by xq the projection of x to the boundary of K, i.e., 
|a; — xol = iniyizK \x — y\. Here, we use the standard metric on This point xq is unique 
because K has boundary and x is close to K. Define r ;= |x — xo| which is a small 
number. 

Claim. We have |xo — yo\ ^ r and hence yo G B(a, 2) and 0(x) > 0(xo) + AV", where 
A' > 0 is a big constant (if we take A ^ oo then A' —)■ oo). 

Indeed, if the first inequality were wrong, we would have \x — xo\ -C \x — yo\ ^ \xo — yo\ 
and by definition of (j){x) and yo 

0(x) = (j){yo) + A dist(x, |/o)“ < 0(xo) + A dist(x, Xo)“. 

Note that the distance on f/ c X is comparable with the Euclidean distance with respect 
to the coordinates z. This comparison is independent of A. So the inequality implies 

0(xo) - 0 ( 2 / 0 ) > \xo -//oT 

which is a contradiction because 0 is 

We also obtain the second inequality in the claim using the definition of 0, i/o, xq, r and 
the first inequality 

0(x) - 0(xo) = 0 ( 2 / 0 ) - (j){xo) + Adist(x,2/o)" > 

since A is large, 0 is and |x — 2 / 0 I > |a: — xo| = r. 

By the claim, it is enough to show that PK(j){x) < 0(xo) + AV". Using a unitary change 
of coordinates, we can assume that xo and x are the points of coordinates (0,0,..., 0) 
and (—r, 0,..., 0), respectively. This change of coordinates does not change the metric 
on C", so it does not change the norms of functions. We use the coordinate zi in the 
complex line A ■= {z 2 = ■■■ = Zn = and denote by ©(w, r) the disc of center w and 
radius r in A. 

We will apply Lemma to a suitable function u. Recall that ||0||<^c < 1/100, K 
has boundary, xq is the projection of x to iT and r is small enough. By the choice 
of the coordinates (^i,..., Zn), the intersection K A A contains ©(1,1), see property (5) 
above. Denote by u the restriction to A of the function Pk 4> — 4>{xo). We deduce from 
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the definition of Pk4 > and the above properties of the coordinates 2 ; that u satisfies the 
hypotheses of Lemma |2.9[ Therefore, u{x) < r" and hence Pk4>{x) — 0(xo) < r“. This 
completes the proof of the theorem. □ 

Note that the idea of the proof still works if instead of the ball B in the above point (5) 
we only have a solid right circular cone of vertex y and of a given size such that its axis is 
orthogonal at y to the boundary of K. This allows us to consider the situation where K is 
the closure of an open set whose boundary is not We then need a version of Lemma 
12.91 for an angle at 0 instead of D(l, 1). This angle is equal to the aperture of the above 
circular cone. If Ott denotes this angle, then K is -regular for 0 < a < 1. In the 

case of -boundary for example, we can choose 9 as any constant strictly smaller than 
1. As mentioned in the Introduction, we don’t try to develop the paper in this direction. 
We thank Ahmed Zeriahi for notifying us the reference [127|] where Pawlucki and Plesniak 
considered a class of compact sets which may be -regular. 

2.3. Asymptotic behavior of Bergman functions. Recall that (L, ho) is a holomorphic 
Hermitian line bundle on a projective manifold X whose first Chern form is (Uq. The 
probability measure is associated with the volume form as in the beginning of the 
paper. We will work later with Hermitian metrics which are not necessarily smooth nor 
positively curved. It is crucial to understand the asymptotic behavior of the Bergman 
kernel associated with and the new metrics when p tends to infinity. 

As mentioned above, our strategy is to approximate the considered metrics by smooth 
positively curved ones. So we need to control the dependence of the Bergman kernels in 
terms of the positivity of the curvature. The solution to this problem will be presented 
below. We refer to I125II for basic properties of Bergman kernel. 

Consider a metric h = e~‘^^ho on L, where 0 is a continuous weight on a compact 
subset K of X. Recall that H^{X, L^) denotes the space of holomorphic sections of L^. 
Since L is ample, by Kodaira-Serre vanishing and Riemann-Roch-Hirzebruch theorems 
(see Il25l Thm 1.5.6 and 1.4.6]) we have 

(2.19) Np := dimW°(X,LP) = ^\\uj^\\ + 0{p^-^). 

Let p be a probability measure with support in K. Consider the natural L°° and semi¬ 
norms on H^{X, pP) induced by the metric h on L and the measure p, which are defined 

for s G H^{X, LP) by 

(2.20) \\s\\l--(k,p 4 >) ■= snp\s\p^ and := / 

K Jx 

We will only use measures p such that the above semi-norms are norms, i.e., there is 
no section s G H^{X,Lp) \ {0} which vanishes on K or on the support of p. The first 
semi-norm is a norm when K is not contained in a hypersurface of X. The second one 
is a norm when p is the normalized Monge-Ampere measure with continuous potential 
because such a measure has no mass on hypersurfaces of X. This is also the case for any 
Fekete measure of order p as can be easily deduced from Definition 1 1.41 

From now on, assume that the above semi-norms are norms and for the rest of this 
section, consider K = X. Let {si,..., be an orthonormal basis of H°{X, pP) with 
respect to the above L^-norm. 
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Definition 2.10. We call Bergman function of L^, associated with (/i, 0), the function 
Pp(/i, 0) on X given by 

Np 

Pp(/i»(x) := sup ||s(x)|J^ : s G H°{X,LP), ||s||l 2 (^,p^) = l} = X] \sj{x)\l^ 

i=i 

and we define the Bergman measure associated with (p, 0) by 

f) := iVp"Vp(/^, 

Note that it is not difficult to obtain the identity in the definition of Pp(/x, f) and check 
that e^p(/i, f) is a probability measure. For the above definition, we only need that f is 
defined on the support of p or a compact set containing this support. 

In the rest of this subsection, we assume that the weight f is a function of class on 
X and the first Chern form u := + ujq satisfies 

(2.21) u > (cuo for some constant C > 0. 

Note that this inequality implies that C < 1 because cu and loq are cohomologous. Here 
is the main result in this section which gives us an estimate of the Bergman function in 
terms of f, co, p and (. We refer to the beginning of the paper for the notation. 


Theorem 2.11. There exists a constant c > 0, depending only on X, L and the -norm of 
the Hermitian metric ho of L, with the following property. For every p > 1 and every weight 
(f) of class such that (I2.21D holds for some ( with ( > ||0||3'^^(logp)p“^/^, we have 


Pp(/i°,0)(x) 

Uj{x)^ 

Np 

Uo{x)^ 






with pP := lloig II ^1^0 normalized Lebesgue measure on X, and 


[ -/ieq(X,0)(x)| ^ cll^lIsC ^/^(l0gp)^/2p 

Jx 


Proof By hypotheses, 0 is oiQ-p.s.h. Hence, we have 0 = Pxf and Peq{X, 0) = NMA(0) = 
IIoiq Therefore, the second assertion is a direct consequence of the first one and 

Definition 12.101 

Consider now the first assertion. We use some ideas from Berndtsson [|5l Sect. 2] and 
the recent joint work of Coman, Marinescu and the second author [|9l], see also lfT2ll . 
Consider a point x e X. Choose a local system of coordinates = {zi,... ,Zn) centered 
at X and a constant c > 0 such that 

(1) Some neighborhood of x can be identified to the unit polydisc D” in C”; 

(2) ||a;o(^) — ^ — ^1^1 ^ ^ 

(3) \(t>{z) — q{z) — — i)\zj\^\ < c||0||3|zp for G D", where Aj are real numbers 

and q{z) is a harmonic polynomial in 2 ;, of degree < 2. 

Observe that after choosing z satisfying (l)-(2), we can take q{z) as the harmonic 
part in the Taylor expansion of order 2 of 0 at a; = 0; then, using a unitary change of 
coordinates allows us to assume that the non-harmonic part in this Taylor expansion 
is given by a diagonal matrix. So we have (l)-(3) and furthermore, the constant c is 
controlled by the ‘^^-norm of the metric ho on L. The numbers Xj and the coefficients of 
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q{z) can be controlled by the ^^-norm of 0. Note that if the metric ho of L is thanks 
to a standard property in Kahler geometry, we can replace c\z\ in (2) hy c\z\^. 

Claim. There is a holomorphic frame e of L over O’* such that if 0o := — log |e| (see the 
beginning of the paper for the notation), then 

n 

0o(^) 

i=i 

where c > 0 is a constant depending only on X, L and the ^^-norm of ho- 

We first prove the claim. Consider a frame e of L over D”. It can be chosen in a fixed 
finite family of local frames of L over a finite covering of X. Define 0o := “ log 1^1 • We 
have by definition of curvature that uq = As above, thanks to (3), we can write 

0o(2;) = %{.z) + YTj=i \^j? + 0{\zf), where qo{z) is a harmonic polynomial of degree < 2. 
So we can write qo{z) = ReQo{z), where Qo{^) is a holomorphic polynomial of degree 
< 2 whose coefficients are controlled by the ^^-norm of ho- Define e = e^°e. We have 

|e(z)|2 = 

The claim follows. 


< c|;2p, 


Now, by (2) and (3), we have 

oj{x) = ddh(l){x) + a;o(a;) 


Hence, we get 




n 

Xjdzj A dzj. 


( 2 . 22 ) oj'^{x) = \i---\nOJo{.x). 

Moreover, the inequality (I2.21D at the point x becomes 

Xj > ( for I < j < n. 


Define 


(2.23) ip{z) :='^Xj\zj\‘^ and 'il:{z) := (j){z) - q{z) - ip{z) + (f)o{z). 

Consider a normalized section s G H^{X,Lp) with ||s||x, 2 (^o= 1. We are going to 
bound |s(x)|p<^ from above. Writing s = fe^P, where / is a holomorphic function on 
and e is the frame given by the above claim. We apply the submean inequality for the 
p.s.h. function on the polydisc D” := x • ■ ■ x (^^ times) with radius 

r := Thanks to the special form of ip, we obtain 


(2.24) 




/pn e-^P^d Leb 


Note that the hypothesis on ( and the fact that C < 1 insure that r < < 1. We 

will use this property in the computation below. 
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For the first integral in (I2.24D . observe that by (2), the Lebesgue measure in D” is equal 
to + ^(kl)- This, together with (3), (I2.23D and the above claim, gives 

1 /TTX ^ 1 

+ 0(r) 




< 


< 


Ln! V2 

■ 1 /TT 

-d V2 


l/l^e 


2,o-2pi?-2pip^n 


0 


r 1 /7r\ 


1 


+ 0{r) exp (2pmaxi/;) / |/| 2 e- 2 p( 9 +‘F+V')^n 

0(p||<7i||3r3) 


IX 


I e|2 / 




because ||s|U 2 (^o,p*) = 1 and = 1 + 0 {p\\ 4 >\\ 3 r'^). 

Define 


Eit) := / e-2|«iy Leb(0 = J(1 - < y 


TT 


/?eDt 


A direct computation shows that the second integral in (I2.24D is equal to 


■2p^dLeb = Yl 


^-2p\j\zj\ 


j = l 


'dLeb(2;j) = 


E{r^/^) ^ - l/p2) 


i=i 


pA, 


p-Ai 


A. 


since r‘^pXj > r‘^p( = \ogp. 

Combining the above estimates with (I2.24D . we obtain 


IsWIJp < [l + 0(\\4,U-^l^-(\ogpfl^-p-^l^)\ -p“Ai... A„||ia„"||. 
By Definition l2.10l we get 


Pp(/i°,(/))(x) 

pn 


< 




n! 


-Ai . . . A,i (On • 


Then, using (I2.19D and (I2.22D . we obtain 
(2.25) 


< (1 + eiid.|i3r=‘'^(iogppp-'''^)^ 


Np 

Now, define for simplicity 


with c > 0. 


M^) ■= d 2 {x) := and e := c||(/)|| 3 C ^^‘^{\ogpf/‘^p 

AL (Oo((c)” 


So i?! and 192 are two positive functions of integral 1 with respect to the probability 
measure /i°. Inequality (I2.25D says that i9i < (1 + e)i92- We need to check that Hi^i — 
^ 2 ||li(/a 0 ) ^ e. By triangle inequality, it is enough to check that ||i9i — (1 + e)i92||Li(pO) ^ e. 
But since the function i9i — (1 + e)i92 is negative, it suffices to check that the integral of 
this function with respect to pP is larger than or equal to —e. A direct computation shows 
that this integral is in fact equal to —e. The proof of the theorem is now complete. □ 


3. EQUIDISTRIBUTION OF FEKETE POINTS 

In this section, we will give the proofs of the main results stated in the Introduction. 
The estimates obtained in the previous section allow us to use the strategy by Berman, 
Boucksom and Witt Nystrom. We refer to the beginning of the article for the notation. 
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3.1. Energy, volumes and Bernstein-Markov property. Recall from ^ that the Monge- 
Ampere energy functional S, defined on bounded weights in PSH(X, wq), is characterized 
by 

S{{l-t)(j)i+t(j)2) = [ (02 - 0l)NMA(0i). 
t=o Jx 

So £ is only defined up to an additive constant, but the differences such as £{(f)i) — £^(02) 
are well-defined, see also (13.9D . 

Consider a non-pluripolar compact set iC c X and a continuous weight 0 on K. Define 
the energy at the equilibrium weight of (X, 0) as 

£e^{K,f) ■.= £{PKf). 

This functional is also well-defined up to an additive constant. We will need the following 
property which was established in [I2l Th. B]. 

Theorem 3.1. The map 0 £eq{K, 0), defined on the affine space of continuous weights on 
K, is concave and Gateaux differentiable, with directional derivatives given by integration 
against the equilibrium measure: 

£’eq(X, (j) + tv) = (u, /ieq(X, 0)) for every continuous function v on K. 
t=o 

In particular, for all continuous weights 0i and 02 on K, we have 

|£’eq(X,0i) - £’eq(X,02)| < ||01-02||oo- 

Note that the second assertion is obtained by taking the integral on s G [0,1] of the 
first identity applied to 0 := 0i + sw and r; ;= 02 — 0i. We use here the fact that Peq{K, 0) 
is a probability measure. 

Let yu be a probability measure on X and 0 a continuous function on the support of p. 
The semi-norm || • on H^{X,Lp) is defined as in (I2.20D and recall that we only 

consider measures p for which this semi-norm is a norm. Let i3p(/i, 0) denote the unit 
ball in iL°(X, U’) with respect to this norm and Np := dimiL°(X, U’). Recall from [l2l] the 
following £p-functional 

(3.1) >Cp(/i,0) := ^^logvoli3p(/i,0). 

Here, vol denotes the Lebesgue measure on the vector space iL°(X, X) which is only 
defined up to a multiplicative constant. Note that the differences such as £p(/ii,0i) — 
Cp{p 2 , 02 ) is well-defined and do not depend on the choice of vol for any probability 
measures pi and p, 2 , see also (13.9D . The functional Cp satisfies the following concavity 
property, see Proposition 2.4]. 

Lemma 3.2. The functional 0 i-)- Cp{p, 0) is concave on the space of all continuous weights 
on the support of p. 

Recall from Definition 12.101 that the Bergman measure e^p(/i, 0) is a probability mea¬ 
sure. Note that when p is the average of Np generic Dirac masses (more precisely, for 
points xi, ... ,X 7 Vp such that the vector det(sj(xj)) in the Introduction does not vanish), 
one can easily deduce from Definition 12.101 that .^p(/i,0) = p, by considering sections 
vanishing on supp(/i) except at a point. Such sections exist because Np = dimiT°(X, X). 
This property holds in particular for Fekete measures of order p. 


d 

dt 


d 

dt 
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The following relation between the functional £p(/i, •) and e^p(/i, •) has been estab¬ 
lished in [El Lemma 5.1], see also [[ 6 l Lemma 5.1] and IfTSl Lemma 2]. 


Lemma 3.3. The directional derivatives of Cp{^, •) at a continuous weight f on the support 
of p are given by the integration against the Bergman measure 0), that is. 


d 

dt 


Cp{p, (f) + tv) 


t=o 


{v, ^p{p, f)), with V, (j) continuous on the support of p. 


In particular, for all continuous functions and 02 on the support of p, we have 

02) I ^ 1101 02 I loo- 


Note that as in Theorem 13.11 the second assertion of the last lemma is a direct conse¬ 
quence of the first one. 

Consider the norm || • \\l°°(k,p(I>) cm H^{X,Lp) defined in (I2.20D . Let denote 

the unit ball in H^{X, U) with respect to this norm. Define 

(3.2) Cp{K,ct>) := ^logvolS“(iT,0). 

We have the following elementary lemma. 


Lemma 3.4. If pis a probability measure with supp(/i) C K, then 

Cp{K,f) < Cpip, 0 )- 

Proof Since /i is a probability measure, we see that 

(3-3) 11 - 5111 , 2 (^^ 0 ) < ||s||ioo(^p 0 ), s E H^{X,LF). 


The lemma follows. □ 

We have the following property that we will only use in the case of cjQ-p-s.h. weights. 


Lemma 3.5. Let p be a probability measure and K c X a compact set with supp(/i) C K. 
Assume the following strong Bernstein-Markov inequality: there exists a constant B > 0 
such that 

sup Pp{p, 0 ) < Bp^ for p > 1. 

K 

Then there exists c > 0 depending only on B such that for p > 1, we have 


0 < Cp{p, 0) - Cp{K, 0) < cp ^ logp. 


Proof For all p > 1 and section s E H^{X, L^), by (13.3D and Definition l2.10l we have 

(3.4) 11-5111,2(^^0) ^ II-5II^ e ^||-5 ||l2(^p0), 


where 

(3.5) Cp := ^\ogsnppp{p,(j)). 

2p K 

Since the volume form vol is homogeneous of degree 2Np = 
from (13.4D that 


0 < log 


VOlg^(/i,0) 
vol 0 ) 


< 2pNpCp. 


dimiR iL°(X, LP), it follows 
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Hence, by definition of the ^-functionals in (I3.1D and (I3.2D . we have 


0 < £p(/i, 0) - Cp{K, 0) = 


2pNr 




yp 

This, (13.5D and the assumed strong Bernstein-Markov inequality imply the lemma. 


□ 


The following result gives us a class of compact sets K satisfying the strong Bernstein- 
Markov inequality stated in Lemmafor (X, PK(fy instead of {K, 0), see also section 
1.2]. We refer to the beginning of the article for the definition of /i°. 

Theorem 3.6. Let A > 0 and a,a' > 0 be constants. Let K <z X be a {^°‘,^°‘')-regular 
compact set. Let cj) be a function on K such that \\(j)\\^o. < A. Then there is a constant B > 0 
depending only on X, L, ho, K, A, a and a' such that 

sup pp{p^,PK(j)) < Bp^ for P>1. 

X 

In particular, the statement holds when K is the closure of an open set in X with bound¬ 
ary, 0 < a' < 1, a > a' and H > 0. 


Proof The second assertion is a consequence of the first one and Theorem 12. 71 We prove 
now the first assertion. 

It is enough to consider the case where 0 < o' < 1. Since K is -regular, the 

function -0 := Pxf has bounded ^“'-norm on X. Consequently, we only need to prove 
that 

(3.6) for p>l. 

V 

For this purpose, fix a point x E X and a section s G PI^{X, U) such that ||s||l 2 (^o = 1. 

By Definition [2H01 it is enough to prove the estimate 

(3.7) I4^)IL 

uniformly in x and s. 

Choose local coordinates z near x such that z{x) =0 and for simplicity we still write 
i/j{z) for the restriction of-0 to a neighborhood of x. Fix also a local holomorphic frame e 
of L over a neighborhood of x such that |e(O )|.0 = We can write s(z) = f{z)e®P{z), 

where f{z) is a holomorphic function such that = |s(0)|p,/,. So we need to 

check that Write fe{z) ■= — log \e{z)\,j,. This function differs from 

i/j{z) by a pluriharmonic function. Therefore, it is also of class and by definition we 
have ipeiO) = ' 0 ( 0 )- h follows that \ipe{z) — ' 0 ( 0)1 ^ \zf‘', and hence 


13 SI _ 2 n/a'|| ||2 > „ 2 n/«' 

[ \f{z)fe-^P^^^^ULeh{z) 



[ |/(z) Leb(z 


17 

A 

33 

1 


for some constant c > 0 . 

Using the submean property for \f{z)f and the new variable u := z, we can bound 
the last expression from below by 

|^(0)|2g-2pv>(0)p2n/a' f e-"^’l"l“'dLeb(z) = [ e-0“l“'dLeb(M). 
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Therefore, we deduce from (I3.8D that |/(0)pe < p 2 n/a'_ estimates (I3.7D . (I3.6D 

and then the theorem follow. □ 

In the case where K = X and n = /i°, we have the following lemma. 

Lemma 3.7. Let A > 0 and a > 0 be constants. Let 0 be an ujQ-p.s.h. function on X 
whose ^°^-norm is bounded by A. Then there exists a constant CA,a > 0 depending only on 
X,L, ho, A and a such that for every p > 1, we have 

CA,a logp 


0 < Cp{p^, 4>) - Cp{X, 0) < 


p 


Proof It is enough to apply Lemma [33] and Theorem l3.6l for K = X. Note that since 0 is 
cjQ-p-s.h., we have Px4> = 0 . □ 

3.2. Main estimates for the volumes and energy. We gather in this subsection the 
main estimates needed for the proofs of our main theorems. 

Normalization. From now on, in order to simplify the notation, we use the following 
normalization 

(3.9) 0) = 0 and Cp{p^, 0) = 0 for p e N. 

Here, the function identically 0 is used as a smooth strictly cjQ-p-s.h. weight. 

For continuous weights 0i,02 on X, the following quantities will play an important 
role in the sequel: 

(3.10) Vp(0l, 02) := I (£p(/i°, 0l) - Cpifi^, 02)) - (£’eq(X, 0i) - S,^{X, \ 

and 

(3.11) >Vp(01,02) := |(£p(X,0i) -£p(X,02)) - (£’eq(X,0i) -^eq(X,02))|. 

Here are three crucial propositions. The first two results deal with strictly cjQ-p-s.h. 
weights, whereas the last one considers the case with weakly wo-p-s.h. weights. 

Proposition 3.8. Let 0i and 02 be two weights of class on X such that 
max(||0i||3, II 02 II 3 ) < A for some given constant A > 0. Suppose + 1^0 > 

dd‘^02 + Wo > C^o for some C > 0. Then, there is a constant ca,( > 0 depending only on 
X,L,ujo, A and ( such that for all p > 1 

Vpifi, h) < <^rid >Vp(0i,02) < CA,c{\ogpf/‘^p~^/‘^. 

Proof By Lemma [371 the second estimate of the proposition follows from the first one. 
So we only need to prove the first estimate. In what follows, all involved constants may 
depend on X, L,ujo, A and (. Recall that C < 1 because dd'^fj + coq > (uq and dd^fj + wq 
is cohomologous to wq. It is enough to consider p large enough. 

For t G [0,1], define ft '■= tfi + (1 — t)02- By Lemma [331 we get 

£p(/i°,0l) - £p(/i°,02) = f dt [ (01 - 02)^p(/i°,0i). 


lt=0 


' X 


Since dd’^ft + wq > C^o, by Theorem 12.111 applied to ft, the right hand side of the last 
identity is equal to 


/t=o 


dt / (01 - 02)Peq(^,0t) + 0((l0gp)^/V ■ 

I Jx 
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By applying Theorem 13.11 the double integral in the last line is equal to 

(j^t) = 0i) — 02)- 

t=0 

Therefore, we get 

0l) - £p(/i°, 02) = i’eq(^, 0l) “ ^eq(X, 02) + O ((log p)^/, 

which proves the proposition. □ 



Proposition 3.9. Let 0 < a < 1 and A > 0 be constants. Let 0i and 02 be two weights 
of class on X such that max(|| 0 i||^o.a, || 02 ||'ro.a) < A. Suppose dd^fi + (Vq > (cjo and 
dd‘^(j )2 + 1^0 > (ooofor some ( > 0. Then, there is a constant CA,a,c, > 0 depending only on 
X, L, cjo, A, a and ( such that for all p > 1 

Vp(0l,02) < CA,a,c(logp)“/^p"“^® and >Vp(0l,02) < CA,a,c(logp)“'^^p"“'^®. 

Proof As in the last proposition, we can assume that ( is fixed with C < 1 ^nd p is large 
enough. Moreover, we only need to prove the first estimate. The constants involved in 
the calculus below may depend on X, L, coq, A, a and (. Fix a constant c > 0 large enough 
and define 

e := c((logp)^^^p“^'^^)^^^ -C 1 

for p large enough. By Theorem 12.11 applied to (1 — C)~^0i ^nd (1 — C)~^02, there exist 
two smooth weights 0^ ^ := (1 — C) [(1 — C)~^0i] ^ for J = 1)2 such that 

a) (i(i^0j £ + ojq > C'^O) 

b) || 0 J> - 0 j||oo < e“; 

c) il0j>|k3 < e"-3. 

We deduce from (I3.10D . Theorem 13.II and Lemma [3^ that 


|V,(0i,02)-V,(0i,„02,0| <e“ 

We can apply Theorem 12.111 to and their linear combinations as in the proof of 
Proposition 13.81 The choice of e and the above properties a)-c) allow us to check the 
h)q)otheses of that theorem for large p. Therefore, taking into account the estimate c), 
we obtain 


01,0 - 02,0 = ^eq(X, 01,0 - £’eq(X, 02,0 + O ((logp)^ , 


or equivalently 
Thus, 


Vp(0i,o 02,0 ^ (fogP)^^V 
Vp( 0 i, 02) < (logp)'V/V -3 + e“. 


This estimate and the choice of e imply the first inequality in the proposition. 


□ 


Proposition 3.10. Let 0 < a < 1 and A > 0 be constants. Let 0i and 02 be two UQ-p.s.h. 
weights of class on X such that max(||0i||.^o.c,, |l02||<ro.“) < Then, there is a constant 
CA,a > 0 depending only on X, L, wq, A and a such that for allp > 1 

Vp(0l,02) < CA,a(logp)^^“p"^“ and >Vp(0l,02) < CA,a(logp)^^“p"^“, 

where Oq, := a/(6 + 3a). 
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Proof. As above, we only need to prove the first inequality and to consider p large enough. 
Choose 

e := C := e". 

Define 0' := {1 —Of j. We proceed as in Proposition 13.91 but should take into account the 
fact that ( is no more fixed. The constants involved in the computation below should be 
independent of (. 

As in that proposition, we obtain 

\Vp{fi,h)-vMA2)\<C 

and since + (Uq > Cojq 

VpiO, f'2) < C"'/'(logp)'+ e“. 

We then deduce that 


Vp(0i, 02) < C + C"'/'(logp)' + e“. 


The above choice of e and ( implies the result. 


□ 


In the rest of this subsection, we give some results which relate Fekete points with the 
functionals considered above. Fix an orthonormal basis Sp = (si ,... ,3^0 ^0 

with respect to the scalar product on H^{X,Lp) induced by ho and pP. Consider a 
weighted compact set {K, f) with f continuous on K. Recall that 

II detS'p||Loo(;^_p^) := sup | det(si(a:j))|e"^‘^^^i^ P<t>i^Np) 

{xi,...,XN^)eK^p 

and 

II detS'p||i 2 (^_p^) := [ .. .dp{xN0, 

J (x\,...,XMp)&K^P 

if 0 is a weight on K and p is a probability measure supported by K. 

We assume further that {K, 0) is regular, i.e., fx = Pxf, that P^f is continuous, and 
also that the following strong Bernstein-Markov inequality holds 

(3.12) sup Pp{p^, PkO) < Bp^ for some constant B > d. 

X 


Lemma 3.11. Let Sp, K and 0 be as above with condition (I3.12D . Then there is a constant 
c > 0 depending only on B such that for p > 1 

I log II det Sp\\L--(K,p<t>) - log II det Sp\\L 2 (^o^pp^^) \ < cNplogp. 


Proof Observe that the restriction of to {xi} x • • • x {xAr^-i} x X can be iden¬ 

tified to the line bundle over X. Therefore, we can apply Proposition 12.51 to x i-)- 
det S'p(xi,..., XATp-i, x). Then, using inductively the same argument for the other vari¬ 
ables Xi, we obtain 

II det 5),IIII det S),II</>)• 


Hence, 


II det SpII£ 00 ^ II det >S*pII^ 2 pp^ 0 ^. 

Now, to complete the proof we only need to show that 


(3.13) log II det 5 'p||loo(x,pp^ 0 ) < log || det 5'p||p2(pO^pp^0) + 0{Np \ogp). 
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By (I3.12D . we get 

\s{x)\Ip^^ < Pp{fJ-^,PK<P){x)\\s\\l2^^0^pp^^) < 5p^||s||i2(^o,pp^^) 

for every section s e H^{X, W), p > 1, and x e X. Now, if xi,..., x^p are points in X, 
then for each j 

X H- det Sp{xi,Xj_i, X, Xj+i ,..., XNp) 

is a holomorphic section in H^{X, L^). A successive application of the last inequality for 
j = 1,2,..., Ap yields 

II det Sp\\‘^j;^oo(^x,pPK(t>) — det 5'p||^2(^o 

and (I3.13D follows. □ 

Taking the normalization (I3.9D into account, we set, for each p > 1, 

(3.14) ep := |£p(p°,Pi^0) -£’eq(A,0)| = Vp(P,,0,O), 

and ^ 

0) • II det Sp\\ 1^00p^py 

pl^p 

Proposition 3.12. Let Sp, K, 0, ep and Vp{K, (j)) be as above with condition (I3.12D . Then 
there is a constant c > 0 depending only on X, L and B such that for p > 1 

\Vp{K,(j)) +Seq{K,(j)) \ < c(p"Mogp + ep), 

and for any Fekete measure Pp associated with {K, f) 

\Bp{Pp,(t)) -£’eq(A,0)| < c(p"Mogp + Cp). 


Proof We prove the first assertion. By Lemma [3.Ill we only need to check that 
1 


(3.15) 


pNr 


log II det SpWp2f^p0 pPj^^'^ 0) 


<p Mogp + 


€r)> 


Using that Sp is an orthonormal basis, a direct computation (see ^ Lemma 5.3] and [|2l 
P-377]), gives 

„ vo\Bl(pP,0) 

II det^p||p2(^o,pp^^) = 

which implies 

log II det S'p 11 L2(^o_pPj^0) = £p(/r°, 0) - £p(/i°, Pr^) + 


pNj 

By the normalization (13.9D and (I3.14D . 

£p(/i°, 0) = 0 and £p(/i°, Px0) = SeqiK, 0) ± 
On the other hand, since Np ~ p" by (I2.19D . we have 


2pNp 


p- 


logAp! ^ p^-logp 


<p Hogp. 


2pNp ^ 2pNp 

Combining the last four estimates together, we obtain (I3.15D . 

Consider now the second assertion in the proposition. Using the definition of Fekete 
points, we obtain (see [|3l (2.4)]) 

volPp(/i°,0) 




_ 'Tl f TP 


1 


1 
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By the normalization (13.9D . the left-hand side is Using again that Np ~ p", 

we deduce the result from the first assertion of the proposition. □ 

3.3. Proofs of the main results and further remarks. In this subsection, we will give 
the proofs of the main theorems stated in the Introduction. We need the following aux¬ 
iliary lemmas. 

Lemma 3.13. There is a constant c > 0 such that for every continuous weight f on K and 
every function v of class on X, we have 

\{^eq{K,4> + tv) - ^eq{K,f),v)\<c\t\\\v\\Loo(^K)\\dd‘'v\\^ for teR. 

Proof Define 

n 

m ;= J2{dd"PKf + 00oy~^ A {dd^PKif + tv) + Uo)^-T 
i=i 

Observe that dd’^Pxf + ooo and dd'^Px^f + tv) + uq are positive closed (1, l)-currents 
cohomologous to ooq. So \1/ is a sum of n positive closed (n — 1, n — l)-currents of bounded 
mass. Define also u := Pk(0 + tv) — Pk4>- For f G M, we have 

{fi,^{K,f + tv),v) - {fi,^{K,<p),v) = {NMA{PK{<P + tv))-NMA{PKf),v) 

= const A'^,v) = const((i(i^u A '^,u). 

On the other hand, by Lemma 

||'w||l°°(X) = \\Pk{(P + tv) — Pk(P\\l°°{X) < |(^| ||'y||L°°(R')- 

Since v G dd^v can be written as the difference of two positive closed bounded 

(1, l)-forms. Consequently, dd'^v A $ is a signed sum of 2n positive measures of bounded 
mass. This and the above computation imply the lemma. □ 

Lemma 3.14. Let e > 0 and M > 0 be constants. Let F and G be functions defined on 
[—such that 

a) F{t) > G{t) - e and |F(0) - G(0)| < e; 

b) F is concave on and differentiable at 0; 

c) G is differentiable in and its derivative G' satisfies \G'{t) — G'(0)| < 

for t G [— The last inequality holds when |G'(t) — G'(0)| < M\t\. 

Then we have 

|F'(0) -G'(0)| < {2 + M)e^P. 

Proof This is a quantitative version of |l2l Lemma 7.6]. Since F is concave, we have 

F(0) + F'(0)f > F{t) 

for |f| < Hence, for t := we get 

(3.16) tF'{0) > G{t) - G(0) - 2e = G{t) - G(0) - 2tf 

Now, take t := (fP. There exists s G (0, t) such that 

<^(^) - G'(O) 

This, combined with (I3.16D yields 


X'(0) > G'(s) -2t> G'(0) - (2 + M)t. 
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Hence, F'(0) — G'(0) > —(2 + The inequality -F'(O) — G'(0) < (2 + is 

obtained in the same way by using t := —□ 

End of the proof of Theorem 11.71 By (II.ID . we only need to consider the case 7 = 3, 
i.e., to prove 

(3.17) \{fXp- fXeq{X,(j)),v) \ 

for every test function v such that \\v\\^i < 1. We will apply Lemma [3. 141 to the following 
functions 

F{t) := Cp{pp, (j) + tv) and G{t) := £eq{X, cj) + tv). 

By Lemma [3~4l 

(3.18) GpiPp, (l> + tv) > Cp{X, (j) + tv). 

On the other hand, since d(Fv is bounded, we can find a constant to > 0 such that (f) + tv 
is (1 — Ocoo-p.s.h. for |t| < to and ^ > 0 a fixed constant. Recall that the function 0 
satisfies the normalization (13.9D . Consequently, Proposition 13.81 applied to (f) + tv and 
the function 0, yields 

\Cp{X, 0 + tu) - £eq{,X, (l) + tv)\< p~^/‘^{\ 0 gp)^/^. 

This, combined with (I3.18D . shows that 

(3.19) F{t) - G{t) > -p-^/\\ogpf/\ 

Next, since 0 is wo-p-s.h., we have PK(t> = <p- Moreover, we have the strong Bernstein- 
Markov inequality thanks to Theorem 13.61 applied to K := X. Let be defined as in 
(I3.14D with K = X and Pk4> = 4>- By Proposition ISTSl again. we have 
Consequently, applying Proposition [3iT2] yields 

(3.20) |F(0) - G'(0)| < p-^/\\ogp)^/\ 

Recall from Lemma [3T2l that F is concave. Moreover, by Lemma [3T3l we have 

(3.21) F(0) = {v,^p{pp,(j))). 

On the other hand, by Theorem 13.11 G is differentiable with 

(3.22) G'{t) = {v, Peq{X, cj) + tv)). 

Finally, by Lemma 13. 131 condition c) in Lemma [3. 141 is satisfied for a suitable constant 
M > 0. Combining this and the discussion between (|3.19D - (I3.22D . we are in the position 
to apply Lemma [3. 141 to a constant e of order Using the above expression 

for F'{0) and G'(0), we get 

\{^p{Pp,(j)),v) - {peq{X,(j)),v)\ = 0(p"^/^(l0gp)^/^). 

Recall from the discussion before Lemma [3T3] that ^p{pp, 0) = Pp. Hence, estimate (I3.17D 
follows immediately. □ 

Remark 3.15. If in Theorem 1 1.71 the function 0 is only for some 0 < a < 1, we can 
apply Proposition [321 instead of 13.81 in order to get 


dist,(/ip, /ieq(X, 0)) < (l0gp)“^/«p-“^/24 foj. 0 < 7 < 2. 
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End of the proof of Theorem 11.51 By (II.ID . we only need to consider the case 7 = 2, 
i.e., to prove 

for every test function v such that ||u ||<^2 < 1. Recall that (3 := a'/ (24 + 12q;'). Define 
Fit) := £p(/ip, 0 + tv) and G(t) := 0 + tv) = E^^iX, Pr'(0 + tv)) 

for t in a neighborhood of 0 G M. By Lemma [3~^ and Proposition [231 

Gp(/ip, 4> + tv)> CpiK, (f) + tv) = CpiX, + tv)). 

As 0 < a < 2, we infer that 0 + fw e Since K is -regular, we deduce 

that Pft:(0 + tv) is an aiQ-p-s.h. weight on X with bounded ‘^“'-norm. This, coupled with 
Proposition 13.101 applied to Pr'(0 + tv) and the function 0, for a' instead of a, and the 
normalization (I3.9D . shows that 

F(t)-G{t)>-p-V(\of,pY'^^ 

By Theorem 13.61 condition (I3.12D is fulfilled. Let Cp be defined as in (I3.14D . By Propo¬ 
sition (330] for a' instead of a, we have Cp = 0(p“'^^(logp)^^^). Consequently, applying 
Proposition 13.121 yields 

|f’(0)-G(0)|<p-‘‘'’(logp)‘=''. 

Finally since < 1, we can check condition c) in Lemma [3.141 using Lemma 

13.131 Applying Lemma [3.141 to a constant e of order p“^^(logp)^^^, we easily obtain the 
result as in the proof of Theorem 11.71 □ 

Remark 3.16. Optimal estimates for the speed of convergence in our results are still 
unknown. This is an interesting problem which may require a better understanding 
of the Bergman kernels. Results in this direction may have consequences in theory of 
sampling and interpolation for line bundles with singular metric and not necessarily of 
positive curvature. Demailly suggested us to study first the case in with data invariant 
under the action of the real torus 

Remark 3.17. Our proofs still hold for almost Fekete configurations P = {xi,, x^p) G 
in the sense that the quantity ap below is not too big. Assume that P is not neces¬ 
sarily a Fekete configuration and define 

o-p := log II det S'pIIloc(j^^p^) -^ log || det SpiP)\\p^. 

piVp P-^^p 

Then our main estimates are still valid for this configuration if we add to their right hand 
sides the term 0(crp'^^) for the estimates in Theorems 11.1111.51 and Corollary 11.61 and 
0{a]J^) for the estimate in Theorem 1 1.71 The main change in the proofs is that we need 
to add 0{ap) to the right hand side of the second inequality in Proposition 13.121 This 
answers a question that Norm Levenberg asked us, see also [[22]] . 
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